The best known method to give a lower bound for the Noether number of a given finite group is to use the fact that it is greater than or equal to the Noether number of any of the subgroups or factor groups. The results of the present paper show in particular that these inequalities are strict for proper subgroups or factor groups. This is established by studying the algebra of coinvariants of a representation induced from a representation of a subgroup.
Introduction
Throughout this paper G is a finite group, F is a field whose characteristic does not divide the order of G. Given a finite dimensional F G-module W we write S(W ) for the symmetric tensor algebra of W . The linear action of G on W extends to an action via F-algebra automorphisms of S(W ). We are interested in the subalgebra
of G-invariants. The Noether number β(G, W ) which is the smallest number d such that S(W ) G is generated as an algebra by its elements of degree at most d. A fundamental result in the invariant theory of finite groups is that for β(G) := sup{β(G, W ) | W is an F G-module} we have the inequality (known as the Noether bound) β(G) ≤ |G| (see [13] , [9] , [10] Improvements of the Noether bound or exact values of the Noether number can be found in [14] , [8] , [15] , [4] , [5] , [1] , [11] , [6] , [7] . Our starting point is the following observation of B. Schmid [14] : Lemma 1.1. [Schmid] Let H be a subgroup of G and let V be an F H-module. We have the inequality
and consequently
This lower bound also has an obvious counterpart for homomorphic images. Indeed, as any F(G/N )-module W can be interpreted as an F G-module W on which N acts trivially, we have β(G, W ) = β(G/N, W ) and consequently
The inequalities (2), (3) and their improvements are the main tools to produce lower bounds for β(G). In particular, β(G) is not smaller than the maximal order of an element of G. The inequality (1) is sharp in the sense that it may happen for some group G and a proper subgroup H = G that we have
, see Example 2.1. It was observed, however, in [7] that for the groups G of order less than 32 and for some other infinite classes of groups neither (2) nor (3) are sharp. As a result of our inquiry we can now prove that this is a general phenomenon: Theorem 1.2. For any proper subgroup H G we have
and for any normal subgroup N ⊳ G we have
Example 1.3. Inequality (5) is sharp as it is shown by the following examples where (5) holds with equality:
2. For the non-abelian semidirect product G = C p ⋊ C 3 (where p is a prime congruent to 1 modulo 3) we have β(G)
3. For a divisor m of n we have β(C n ⊕C m ) = n+m−1 = β(C n )+β(C m )−1 by classical results on the Davenport constant, see for example [6] for a survey on connections between the Noether number and the Davenport constant (studied extensively in arithmetic combinatorics).
Inequality (4) is also sharp, as by [5] we know that if H is a cyclic subgroup of index 2 in G, and G is not cyclic or dicyclic, then β(G) = β(H) + 1. 
The Hilbert ideal in S(W ) is the ideal S(W ) G + S(W ) generated by the homogeneous invariants of positive degree, and the corresponding factor algebra
is called the algebra of coinvariants. Our results will concern the following quantity associated with the F G-module W :
Note that b(G, W ) is the minimal non-negative integer d such that the S(W ) Gmodule S(W ) is generated by homogeneous elements of degree at most d. Following [12] and [6] we introduce also
Remark that by the graded Nakayama lemma β(G, W ) can also be recovered as the top degree of a certain finite dimensional algebra, namely
Our first main result shows that the Noether number is always strictly monotone on subgroups:
holds. In particular, we have the inequality
Our second main result is the following finer statement for the case of a normal subgroup:
To see how these two theorems imply Theorem 1.2 the key step is the following result from [3] : Lemma 1.6. We have the equality
Proof. The inequality β(G, W ) ≤ b(G, W ) + 1 for any W is a consequence of the existence of the Reynolds operator τ G : S(W ) → S(W ) G given for a linear action of a finite group G on an F-vector space X by the formula
(see for example the proof of Corollary 3.2 in [3] for the details). Hence we have the inequality β(G) ≤ b(G) + 1. On the other hand, Lemma 3.1 in [3] asserts in particular that for any F G-module W there exists an
This clearly implies the reverse inequality
The paper is organized as follows. Theorem 1.4 is proved in Section 2, and Theorem 1.5 is proved in Section 3. For an arbitrary positive integer k the kth Noether number β k (G) was introduced in [4] where it was shown that β(G) ≤ β |G:H| (H) for any subgroup H of G and β(G) ≤ β β(G/N ) (N ) for any normal subgroup N of G. These results can be very efficiently applied to obtain good bounds for the Noether number of G from the kth Noether numbers of its subquotients, see for example [7] . It seems worthwhile therefore to extend Theorem 1.4 and Theorem 1.5 for the kth Noether number. This is done in Section 4.
Lower bound in terms of subgroups
Take a proper subgroup H of G. Choose a system C of left H-coset representatives in G. We shall assume that 1 ∈ C. Let W be an F G-module containing an F H-submodule V such that W = g∈C g · V . That is, W ∼ = Ind G H (V ), the F G-module induced from the FH-module V . The projection π : W → V with kernel g∈C\{1} g · V extends to an F-algebra surjection π : S(W ) → S(V ) from the symmetric tensor algebra S(W ) onto its subalgebra S(V ). Clearly π is H-equivariant and is degree preserving. Equality (1) in Lemma 1.1 is a consequence of the following:
Example 2.1. Equality may hold in (1) even if H = G: Let G be the dihedral group of order 2n, and let H be its cyclic index two subgroup consisting of the rotations. Let W be any irreducible 2-dimensional F G-module. Then W = Ind G H V , where V is the 1-dimensional F H-module on which the generators of H acts via multiplication by a primitive nth root of unity. It is well known that S(V )
H is generated by a single invariant of degree n, whereas S(W ) G is generated by homogeneous invariants of degree 2 and n. Therefore β(W, G) = n = β(V, H) in this case.
Equality (9) implies that the Hilbert ideal S(W )
, whence we have an induced graded F-algebra epimorphism S(W ) G → S(V ) H between the corresponding algebras of coinvariants. This shows that
The main result of this section is the strengthening (6) in Theorem 1.4 of (10).
In order to prove it we shall consider the factor algebra R = S(W )/J where J is the ideal of S(W ) generated by the set of quadratic elements
Denote by η : S(W ) → R the natural surjection. Since J is a G-stable homogeneous ideal, the algebra R inherits from S(W ) a grading and a G-action via degree preserving F-algebra automorphisms, so that η is G-equivariant and preserves the degree. For each g ∈ C the subspace S(g · V ) + ⊂ S(W ) is mapped by η isomorphically to an ideal I (g) of R. Obviously R + = g∈C I (g) is the ring theoretic direct sum of these ideals, and
where the ideals I (g) (g ∈ C) annihilate each other, the direct summand F is a subring of R containing the identity element of R, and F = R 0 is the degree zero homogenous component of the graded F-algebra R. Moreover, for each g ∈ C the restriction of η to the subalgebra S(g · V ) ⊂ S(W ) is an isomorphism
of graded algebras. For ease of notation write T for the subalgebra
is an H-equivariant isomorphism of graded F-algebras.
Proof. Consider an arbitrary element r ∈ R
+ is surjective. Observe now that any x ∈ R + can be expressed in the form x = g∈C g · t g where t g ∈ T + for all g ∈ C. After expanding each x i , y i , z j in this form and then using the linearity of τ G and the fact that τ G (g · t) = τ G (t) for any g ∈ G we get an expression
Note that here
Now assume in addition that r ∈ T . This means that for any g ∈ C \ H the terms in the sum (11) belonging to g · T cancel each other. By gathering together all these terms we get for each g ∈ C \ H the equation
After multiplying this equality from the left by g −1 we conclude that in fact
(in this step we use that H is a proper subgroup of G, so there exists an element g ∈ C \ H). Finally, after gathering together all terms in (11) belonging to T we get
Corollary 2.3. We have (S(W )
Proof. To simplify notation set M = S(W ) and N = S(V ). We get from Proposition 2.2 that
Since N ∩ ker(η) = (0), we conclude that 
It follows that the natural surjection ν :
is a homomorphic image of the subalgebra κ(N H ) of the coinvariant algebra S(W ) G . Consequently, we have the inequalities
that show (6) . Applying (6) to an F H-module V for which β(H) = β(H, V ) we obtain (7), which together with Lemma 1.6 in turn imply (4).
Remark 2.4.
Combining (6) with (10) we have in fact the inequality
Normal subgroups
Let N be a normal subgroup of G. Given an F(G/N )-module U and an F Nmodule V let us consider the F G-module
where we view U as an F G-module on which N acts trivially. The relative Reynolds operator is defined as
where C is a system of N -coset representatives in G, m ∈ S(W ) N , and we write m
and S(U ), S(V ), S(g · V ), will be considered as subalgebras of S(W ) in the obvious way. Let
be the N -equivariant F-algebra epimorphism of graded algebras whose kernel is the ideal generated by g∈C\N g ·V , and π is the identity map on the subalgebra S(U ⊕ V ) of S(W ). 
and hence we have
As a result we get
The elements on the right hand side of (15) 
which is the desired inequality (8).
The inequality (5) follows from (8) by Lemma 1.6. 
The kth Noether number
Given a F G-module W and a positive integer k we set
and call
the kth Noether number. In the special case k = 1 we recover the Noether number. The study of this quantity began in [4] , see [6] for a survey. Moreover, set
and
Again in the special case k = 1 we recover b(G, W ) and b k (G). It was shown in [3] that 
and the strict inequality
Proof. We use the notation of Section 2. First we claim that (R
where
Take an element g ∈ C \ H. It follows from (16) and (12) that if r ∈ T , then 0 = g · i∈Λ:gi=g
Similarly to Corollary 2.3 we conclude that (M
k N + , which immediately implies (using the Reynolds operator τ H ) that 
